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Abstract
We argue that the accumulated neutrino data, including recent results from
KamLAND and K2K, point to a neutrino mixing matrix with (V11, V21, V31;
V21, V22, V32; V13, V23, V33) = (−2/
√
6, 1/
√
6, 1/
√
6; 1/
√
3, 1/
√
3, 1/
√
3;
0, 1/
√
2, −1/√2). We propose some simple neutrino mass matrices which
predict such a mixing matrix.
In this brief note, we suggest that the accumulating neutrino data [1–3], including the
recent results from KamLAND [4] and K2K [5], point to a relatively simple neutrino mass
matrix. The data can be explained by oscillations between three active neutrinos with the
atmospheric neutrino and K2K data explained by oscillation between the muon and the
tauon neutrinos, and the solar neutrino and KamLAND data explained by the oscillation
between the electron and muon neutrinos. Following standard convention, let us denote
the neutrinos current eigenstates, coupled to the charged leptons by the W bosons, by να
(α = e, µ, τ) and the neutrino mass eigenstates by νi (i = 1, 2, 3).We will take the neutrinos
to be Majorana as seems likely [6], and thus the neutrino mass matrix Mαβ is symmetric in
the basis of the current eigenstates. We will also for simplicity assume CP conservation so
that M is real. Thus, M is diagonalized by an orthogonal transformation
V TMV = D
1
where the diagonal matrix D has entries m1, m2, and m3. Clearly, we are free to multiply
the Maki-Nakagawa-Sakata [7] mixing matrix V on the right by some diagonal matrix whose
diagonal entries are equal to ±1. This merely multiplies each of the columns in V by an
arbitrary sign.
We refer the reader to the literature for a detailed analysis of the data [8–10]. For our
purposes, the data may be summarized as follows. Define the mass squared difference by
∆m2ij ≡ m2i −m2j . At the 99.3% confidence level ∆m2ij are constrained by
1.5 × 10−3eV 2 ≤ |∆m2
32
| ≤ 5.0 × 10−3eV 2,
and
2.2 × 10−5eV 2 ≤ |∆m2
21
| ≤ 2.0 × 10−4eV 2,
with the best fit values given by |∆m2
32
| = 3.0 × 10−3 eV 2 and |∆m2
21
| = 7.0 × 10−5 eV 2.
The mixing angles are in the ranges of sin2 2θ23 > 0.85 and 0.18 ≤ sin2 θ12 ≤ 0.37. Finally,
the CHOOZ experiment, done with a French reactor, failed to see the disappearance of
electron antineutrino and thus gives an upper bound of about 0.22 on the νe− ντ oscillation
parameter |V13| [3].
We interpret the data on the mixing angles as follows. The CHOOZ experiment indicates
that V13 is small and so we will simply set it to 0. We choose, within the allowed experimental
range, V12 ≃ sin θ12 ∼ 1/
√
3 so that tan2 θ12 ∼ 1/2. This is well within the range 0.37 ≤
tan2 θ12 ≤ 0.60 at the 1σ level indicated by the recent analysis1. Finally, the atmospheric
neutrino data [2] and K2K data [4] requires V23 ∼ 1/
√
2. In other words, we propose that
we know the upper triangle entries of the matrix V :
1See for example eq. (3.1) of Bahcall et al. in Ref. [10]. The bi-maximal matrix gives a too large
tan θ12 = 1 [11]
2
V =


X 1√
3
0
X X 1√
2
X X X


,
where X denotes an unknown quantity.
Remarkably, this essentially fixes the mixing matrix V . Once we take the last column
to be proportional to (0,1,-1), orthogonality and our “ knowledge” that |V12| is 1/
√
3 im-
mediately fix the second column to be proportional (1,1,1) and hence the first column to be
proportional to (-2,1,1). We therefore obtain 2,
V =


− 2√
6
1√
3
0
1√
6
1√
3
1√
2
1√
6
1√
3
− 1√
2


.
As remarked earlier, we are free to choose the signs of the column vectors in the mixing
matrix and to make chiral rotations on the neutrino fields to change the relative signs of the
mass eigenvalues 3.
The three column vectors contained in V are the eigenvectors of the matrix
M0 = a


2 0 0
0 −1 3
0 3 −1


,
with eigenvalues m1 = m2 = 2a, and m3 = −4a. (The parameter a merely sets the overall
scale.) Thus, ∆m2
21
= 0 and this pattern reproduces the data |∆m2
21
|/|∆m2
32
| ≪ 1 to first
2Thus V has the pleasing form that its three columns just correspond to the three diagonal
Gell-Mann matrices of U(3).
3Without information on the relative signs of the eigen-masses, the column vectors can only
be determined up to ±i. This can be expressed by multiplying a diagonal phase matrix P =
Diag(eiσ , eiρ, 1) to the right of V. With CP invariance, σ and ρ can take the values of zero or
±pi/2. Neutrinoless double beta decays will provide some crucial information on these phases.
3
approximation. Because of the degeneracy in the eigenvalue spectrum, V is not uniquely
determined. We can always replace V by VW where
W =


R 0
0 1

 ,
with R a 2×2 rotation matrix. To determine V, and at the same time to split the degeneracy
between m1 and m2, we perturb M0 to M =M0 + δMT , where
δMT = εa


0 1 1
1 0 1
1 1 0


.
We have the mass eigenvalues m1 = 2a(1−ε/2), m2 = 2a(1+ε), and m3 = −4a(1+ε/4).
Thus, to the lowest order, we can determine ε = ∆m2
21
/∆m2
32
. The overall scale of the mass
matrix a is given by a2 = ∆m2
32
/12.
Note that our proposed neutrino Majorana mass matrix M is traceless. One may be
tempted to conjecture that this property may provide a clue to the origin of the mass matrix
M . As is well known, a general Majorana matrix for the neutrinos has 9 real parameters
while feasible experiments can measure only 7 of these. It has been suggested that conditions
such as DetM = 0 [12], texture zeros or other relations [13–17] be imposed to cut down
on the number of parameters. Our example here satisfies TrM = 0, but not DetM = 0.
In a forthcoming paper [18], we give a phenomenological analysis of the data imposing the
condition TrM = 0, which is generally satisfied by models in which M is given by the
commutator4 of two matrices M = [A,B].
Other perturbations can also lead to the same mixing matrix V while splitting the
degeneracy ∆m2
21
= 0. An interesting example is the “ democratic” form
4An example is the simplest version of the many so-called Zee models [12].
4
δMD = εa


1 1 1
1 1 1
1 1 1


.
The matrix δMD is evidently a projection matrix that projects the first and third columns
in V to zero. Thus, the eigenvalues are given by m1 = 2a,m2 = 2a(1+3ε/2), and m3 = −4a.
Again ε and a2 are given by, to the lowest order, ε = ∆m2
21
/∆m2
32
and a2 = ∆m2
32
/12,
respectively. We note that this mass matrix is not traceless.
We mention that there is a whole class of models we can propose. Generalize M0 to be
M˜0 = a


2 0 0
0 1− y 1 + y
0 1 + y 1− y


,
with the case mentioned earlier corresponding to y=2. Thus in general we propose
M = M˜0 + δM,
with δM being δMT or δMD. They lead to the same mixing matrix V , with the eigenvalues
mi given by (2a[1− ε/2], 2a[1 + ε],−2a[y + ε/2]) and (2a, 2a[1 + 3ε/2],−2ay), respectively.
Note that the most general mass matrix which produces the mixing matrix V can be
expressed as linear combinations of the three matrices of the forms given by M0, δMT and
δMD. Once we committed to a specific form for M , the three parameters specifying the
linear combination merely parameterize the three neutrino eigen-masses m1,2,3. Also for any
given mixing matrix, the mass matrix can be specified by mass eigenvalues.
Our purpose here is evidently not to give a detailed fit to the data, but to suggest some
relatively simple and appealing mass matrices. The appearance of simple integers in the
mixing and mass matrices we proposed is perhaps intriguing and provides a glimmer of a
hope that they may be obtained by group theoretic considerations. To provide a theoretical
origin of the mass matrix M presents an interesting challenge.
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Note Added
It has been called to our attention that the mixing matrix V we suggested was proposed
by L. Wolfenstein [19] more than 20 years ago (but with the first and second column in-
terchanged), and by P.F. Harrison, D.H. Perkins and W.G. Scott [20] before the SNO and
KamLAND data came out, and had been studied by them and by Z.-Z. Xing [21,22]. Our
discussion of the mass matrix, however, seems to be novel. The mixing matrix V is a special
case of a family of mixing matrices obtained by C.S. Lam [23] by imposing “2-3 symmetry”.
He fixed V further by fitting it to the data available at the time.
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